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СЕКЦИЙ ФУНКЦИОНАЛЬНЫМ МЕТОДОМ∗

Л. П. Плеханов1

�−−®â�æ¨ï: „«ï à�§à�¡®âª¨ á�¬®á¨−åà®−−ëå (‘‘) í«¥ªâà®−−ëå áå¥¬,
®¡«�¤�îé¨å ã−¨ª�«ì−ë¬¨ á¢®©áâ¢�¬¨, −¥®¡å®¤¨¬ë á¯¥æ¨�«ì−ë¥ ¬¥â®¤ë.
Š®¬¡¨−�æ¨®−−ë¥ áå¥¬ë ¬®£ãâ ¡ëâì ¯®áâà®¥−ë ¨§ −¥áª®«ìª¨å á¥ªæ¨©, ¯à¥¤-
áâ�¢«ïîé¨å á®¡®© ¬−®¦¥áâ¢® í«¥¬¥−â®¢, ¢ë¯®«−ïîé¨å ¯�à�««¥«ì−ë¥ äã−ª-
æ¨®−�«ì−ë¥ ¯à¥®¡à�§®¢�−¨ï. ˆ§¢¥áâ−ë© á®¡ëâ¨©−ë© ¬¥â®¤ á¨−â¥§� ‘‘-áå¥¬
¨¬¥¥â «¨èì â¥®à¥â¨ç¥áª®¥ §−�ç¥−¨¥ ¨ −¥¯à¨£®¤¥− ¤«ï à¥�«ì−®£® ¯à®¥ªâ¨à®¢�-
−¨ï. ‚ ¯à¥¤«�£�¥¬®¬ äã−ªæ¨®−�«ì−®¬ ¬¥â®¤¥ à�¡®â� á¥ªæ¨¨ ®¯¨áë¢�¥âáï −¥
á®¡ëâ¨ï¬¨ (¯¥à¥ª«îç¥−¨ï¬¨ í«¥¬¥−â®¢), � «®£¨ç¥áª¨¬¨ äã−ªæ¨ï¬¨ ¨ ãà�¢−¥-
−¨ï¬¨. Œ¥â®¤ §�ª«îç�¥âáï ¢ á®áâ�¢«¥−¨¨ ¨ à¥è¥−¨¨ «®£¨ç¥áª¨å ãà�¢−¥−¨©.
Œ¥â®¤ à¥è�¥â §�¤�çã á¨−â¥§� ¢ á�¬®¬ ®¡é¥¬ ¢¨¤¥ ¨ ¯®§¢®«ï¥â ¯®¤¡¨à�âì
í«¥¬¥−âë ¤«ï à¥�«¨§�æ¨¨ ¨§ ¯®«ã§�ª�§−ëå ¨«¨ §�ª�§−ëå ¡¨¡«¨®â¥ª.
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1 Введение

‘�¬®á¨−åà®−−ë¥ áå¥¬ë ®¡«�¤�îâ ã−¨ª�«ì−ë¬¨ á¢®©áâ¢�¬¨ ¯® áà�¢−¥−¨î
á ¤àã£¨¬¨ â¨¯�¬¨ áå¥¬, á¨−åà®−−ë¬¨ ¨«¨ �á¨−åà®−−ë¬¨. Š −¨¬ ®â−®áïâáï
®âáãâáâ¢¨¥ á®áâï§�−¨©, ®âª�§®¡¥§®¯�á−®áâì, ¯à�¢¨«ì−®áâì äã−ªæ¨®−¨à®¢�−¨ï
¢ ¬�ªá¨¬�«ì−® è¨à®ª®¬ ¤¨�¯�§®−¥ ¢−¥è−¨å ãá«®¢¨© (â¥¬¯¥à�âãàë ¨ −�¯àï¦¥−¨ï
¯¨â�−¨ï) ¨ −¥ª®â®àë¥ ¤àã£¨¥. �â¨ á¢®©áâ¢� ¡ë«¨ ®¡®á−®¢�−ë â¥®à¥â¨ç¥áª¨
¨ ¯à®¢¥à¥−ë íªá¯¥à¨¬¥−â�«ì−® [1{3].

Œ−®£¨¥ áå¥¬ë ¢ æ¨äà®¢®© áå¥¬®â¥å−¨ª¥ ®â−®áïâáï ª ª®¬¡¨−�æ¨®−−ë¬.
�â® à�§«¨ç−ë¥ ¢�à¨�−âë �à¨ä¬¥â¨ª®-«®£¨ç¥áª¨å ãáâà®©áâ¢ (�‹“), áã¬¬�â®-
à®¢, ¬ã«ìâ¨¯«¥ªá®à®¢, ã¬−®¦¨â¥«¥©, ¤¥«¨â¥«¥© ¨ ¤à. ‘å¥¬ë á ¯�¬ïâìî ç�áâ®
â®¦¥ ¨¬¥îâ ª®¬¡¨−�æ¨®−−ãî ç�áâì, ¯®íâ®¬ã á¨−â¥§ ª®¬¡¨−�æ¨®−−ëå áå¥¬ ¢ ‘‘-
¨á¯®«−¥−¨¨ ï¢«ï¥âáï �ªâã�«ì−ë¬.

‚ ª«�áá¨ç¥áª®¬ á®¡ëâ¨©−®¬ ¯®¤å®¤¥ ¨§¢¥áâ¥− ¬¥â®¤ á¨−â¥§� ‘‘-áå¥¬ ¯®
¤¨�£à�¬¬�¬ ¨§¬¥−¥−¨ï („ˆ) [4]. Š�ª ¨áå®¤−ë¥ ¤�−−ë¥ ¢ −¥¬ à�§à�¡®âç¨ª
¤®«¦¥− ¯®¤£®â®¢¨âì §�¬ª−ãâãî „ˆ ¡¥§ ¢å®¤®¢ ¨ ¢ëå®¤®¢, ®¯¨áë¢�îéãî ¯à®æ¥áá
¯¥à¥ª«îç¥−¨© í«¥¬¥−â®¢. Œ¥â®¤ §�ª«îç�¥âáï ¢ ¯à®¢¥àª¥ ª®àà¥ªâ−®áâ¨ „ˆ ¨ ¯¥-

∗ˆáá«¥¤®¢�−¨¥ ¢ë¯®«−¥−® ¯à¨ ç�áâ¨ç−®© ä¨−�−á®¢®© ¯®¤¤¥à¦ª¥ ¯® �à®£à�¬¬�¬ äã−¤�¬¥−-
â�«ì−ëå ¨áá«¥¤®¢�−¨© 2017 £. �à¥§¨¤¨ã¬� ÷�� (¯à®¥ªâ 0063-2016-0015) ¨ ¯®¤¯à®£à�¬¬¥ ü 4
��ˆ’ ÷�� −� 2016 £. (¯à®¥ªâ 0063-2016-0018).

1ˆ−áâ¨âãâ ¯à®¡«¥¬ ¨−ä®à¬�â¨ª¨ ”¥¤¥à�«ì−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª�
¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª, lplekhanov@inbox.ru
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à¥¢®¤¥ ¥¥ ®¯¨á�−¨ï ¢ «®£¨ç¥áª¨¥ äã−ªæ¨¨ í«¥¬¥−â®¢. �®áâà®¥−¨¥ ª®àà¥ªâ−®© „ˆ
¤«ï à¥�«ì−ëå áå¥¬ | ¯à�ªâ¨ç¥áª¨ −¥¢ë¯®«−¨¬�ï §�¤�ç�, â�ª ª�ª −�¤® ®¯¨á�âì
¢á¥ ¢®§¬®¦−ë¥ á®áâ®ï−¨ï áå¥¬ë ¢ §�¬ª−ãâ®¬ ¢¨¤¥ á ãç¥â®¬ â®£®, çâ® ¯à®æ¥á-
áë, á¢ï§�−−ë¥ á ®¯¥à�æ¨¥© úˆ‹ˆû, ®á®¡¥−−® £à®¬®§¤ª¨. Š®àà¥ªâ−®áâì „ˆ
¢ ¬¥â®¤¥ íª¢¨¢�«¥−â−� á¢®©áâ¢ã ¯®«ã¬®¤ã«ïà−®áâ¨ (â¥®à¥â¨ç¥áª�ï ¡�§� á�¬®á¨−-
åà®−−®áâ¨), � à¥§ã«ìâ¨àãîé�ï áå¥¬� ¯®«ãç�¥âáï â�ª¦¥ §�¬ª−ãâ®©. Œ¥â®¤ „ˆ
«®£¨ç−® −�§¢�âì −¥ á¨−â¥§®¬, � ª®−¢¥àá¨¥©, â�ª ª�ª ®á−®¢−®¥ á¢®©áâ¢® áå¥¬ë |
¯®«ã¬®¤ã«ïà−®áâì (ª�ª ¨ á�¬®á¨−åà®−−®áâì) −¥ ¯®ï¢«ï¥âáï ¢ à¥§ã«ìâ�â¥ á¨−â¥§�,
� ¤®«¦−® ¡ëâì §�à�−¥¥ ®¡¥á¯¥ç¥−®.

‚ äã−ªæ¨®−�«ì−®¬ ¯®¤å®¤¥ [5, 6] ¯à¥¤«�£�¥âáï ¯®áâà®¨âì ‘‘-áå¥¬ã ¯®
−¥áª®«ìª¨¬ ¨áå®¤−ë¬ «®£¨ç¥áª¨¬ äã−ªæ¨ï¬, ®¯¨áë¢�îé¨¬ âà¥¡ã¥¬®¥ äã−ªæ¨-
®−�«ì−®¥ ¯à¥®¡à�§®¢�−¨¥. �¯¨á�−¨¥ ¨¬¥¥â âà�¤¨æ¨®−−ë© ¢¨¤: ¢ëå®¤ë ¢ §�¢¨á¨-
¬®áâ¨ ®â ¢å®¤®¢.

‘¥ªæ¨ï ¯à¥¤áâ�¢«ï¥â á®¡®© ç�áâì ª®¬¡¨−�æ¨®−−®© áå¥¬ë ¨ ¢ª«îç�¥â ¬−®-
¦¥áâ¢® äã−ªæ¨©/í«¥¬¥−â®¢, ¢ë¯®«−ïîé¨å ¯�à�««¥«ì−ë¥ äã−ªæ¨®−�«ì−ë¥ ¯à¥-
®¡à�§®¢�−¨ï.

‚ à�¬ª�å â�ª®£® ¯®¤å®¤� á¨−â¥§ ª®¬¡¨−�æ¨®−−ëå ‘‘-áå¥¬ ¨, ¢ ç�áâ−®áâ¨,
‘‘-á¥ªæ¨© ®¯¨á�− ¢ [6]. „«ï ‘‘-á¥ªæ¨© â�¬ ¯à¥¤«®¦¥− â�¡«¨ç−ë© ¬¥â®¤.
’�¡«¨ç−ë¥ ¬¥â®¤ë ¨¬¥îâ ¨§¢¥áâ−ë© −¥¤®áâ�â®ª ¡ëáâà®£® ¢®§à�áâ�−¨ï à�§¬¥à�
â�¡«¨æ ¯à¨ ã¢¥«¨ç¥−¨¨ ç¨á«� �à£ã¬¥−â®¢ (¢å®¤®¢ í«¥¬¥−â®¢). Šà®¬¥ â®£®,
â�¡«¨ç−ë¥ ¬¥â®¤ë ®¯¥à¨àãîâ ª®−ªà¥â−ë¬¨ §−�ç¥−¨ï¬¨ | −ã«ï¬¨ ¨ ¥¤¨−¨æ�¬¨,
çâ® −¥ ¯®§¢®«ï¥â ¢ëï¢¨âì ª�ª¨¥-«¨¡® ®¡é¨¥ §�ª®−®¬¥à−®áâ¨.

‚ áâ�âì¥ ¯à¥¤«�£�¥âáï −®¢ë© ¬¥â®¤ á¨−â¥§� ‘‘-á¥ªæ¨© −� ®á−®¢¥ äã−ªæ¨-
®−�«ì−®£® ¯®¤å®¤� | ®¯¨á�−¨ï §�¤�ç¨ ¢ «®£¨ç¥áª¨å äã−ªæ¨ïå ¨ ãà�¢−¥−¨ïå
¨ à¥è¥−¨ï «®£¨ç¥áª¨å ãà�¢−¥−¨©. Œ¥â®¤ ¯®§¢®«ï¥â ¯®¤®©â¨ ª á¨−â¥§ã á ¡®«¥¥
®¡é¨å ¯®§¨æ¨© ¨ á¤¥«�âì ¯à®æ¥¤ãàã à¥è¥−¨ï ¡®«¥¥ ä®à¬�«ì−®© ¨ ¢ ¨â®£¥ ¡®«¥¥
¯à®áâ®©.

2 Исходные определения

‚�¦−ë¬ �á¯¥ªâ®¬ ¤«ï á¨−â¥§� ï¢«ï¥âáï á¯®á®¡ ¯®áâà®¥−¨ï í«¥¬¥−â®¢ ¨ â¥å-
−®«®£¨ï ¨§£®â®¢«¥−¨ï áå¥¬. ‚ ¤�−−®© áâ�âì¥ ¡ã¤ãâ à�áá¬�âà¨¢�âìáï áå¥¬ë,
¨§£®â®¢«ï¥¬ë¥ ¯® −�¨¡®«¥¥ à�á¯à®áâà�−¥−−®© ŠŒ„� (ª®¬¯«¥¬¥−â�à−�ï áâàãª-
âãà� ¬¥â�««{¤¨í«¥ªâà¨ª{¯®«ã¯à®¢®¤−¨ª) â¥å−®«®£¨¨.

‚ á®®â¢¥âáâ¢¨¨ á â¥®à¨¥© [7] í«¥¬¥−â®¬ ‘‘-áå¥¬ ŠŒ„�-â¥å−®«®£¨¨ ¡ã¤¥¬
áç¨â�âì ®¤−®ª�áª�¤−ë© í«¥¬¥−â á ®¤−¨¬ ¢ëå®¤®¬. ‚ â�ª®¬ í«¥¬¥−â¥ æ¥¯¨
¯¥à¥§�àï¤� −�£àã§ª¨ −� ¢ëå®¤¥ ã¯à�¢«ïîâáï âà�−§¨áâ®à�¬¨, §�â¢®àë ª®â®àëå
−¥¯®áà¥¤áâ¢¥−−® á®¥¤¨−¥−ë á® ¢å®¤�¬¨ í«¥¬¥−â�.

‘�¬®á¨−åà®−−®© á¥ªæ¨¥© ¡ã¤¥¬ −�§ë¢�âì ª®¬¡¨−�æ¨®−−ãî ‘‘-áå¥¬ã, à¥�«¨-
§®¢�−−ãî −� ®¤−®ª�áª�¤−ëå í«¥¬¥−â�å ŠŒ„�-â¥å−®«®£¨¨ á ®¤−¨¬ ¢ëå®¤®¬.

ˆ§-§� ®á®¡¥−−®áâ¥© ¯®áâà®¥−¨ï ‘‘-áå¥¬: ¯�à�ä�§−®£® ª®¤¨à®¢�−¨ï ¨−ä®à-
¬�æ¨¨, ¨−¤¨ª�æ¨¨ ¨ −¥ª®â®àëå ¤àã£¨å | æ¥«¥á®®¡à�§−® á¨−â¥§¨à®¢�âì ¯�à�«-
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‘¨−â¥§ á�¬®á¨−åà®−−ëå ª®¬¡¨−�æ¨®−−ëå á¥ªæ¨© äã−ªæ¨®−�«ì−ë¬ ¬¥â®¤®¬

«¥«ì−ë¥ äã−ªæ¨®−�«ì−ë¥ ¯à¥®¡à�§®¢�−¨ï −¥ ¯® ®¤−®© äã−ªæ¨¨, � ¯® −¥áª®«ìªã
®¤−®¢à¥¬¥−−®, çâ® ¯®§¢®«ï¥â ¯®«ãç�âì ¡®«¥¥ ®¯â¨¬�«ì−ë¥ à¥è¥−¨ï.

�� ¯à�ªâ¨ª¥ ¤«ï ‘‘-áå¥¬ ¨á¯®«ì§ã¥âáï á�¬®á¨−åà®−−®¥ ª®¤¨à®¢�−¨¥, −�-
§ë¢�¥¬®¥ ¯�à�ä�§−ë¬ á® á¯¥©á¥à®¬ (�”‘) [1]. ‚ íâ®¬ ª®¤¨à®¢�−¨¨ ª�¦¤ë©
¨áå®¤−ë© ¨−ä®à¬�æ¨®−−ë© ¡¨â ¯à¥¤áâ�¢«ï¥âáï ¤¢ã¬ï ¡¨â�¬¨: ¡¨â 0 | ¡¨â�-
¬¨ 01, ¡¨â 1 | ¡¨â�¬¨ 10, á¯¥©á¥à−®¥ (¯à®¬¥¦ãâ®ç−®¥) á®áâ®ï−¨¥ ª®¤¨àã¥âáï
®¤¨−�ª®¢ë¬¨ ¡¨â�¬¨ 00 ¨«¨ 11, ®áâ�¢è¥¥áï á®áâ®ï−¨¥, ¯à®â¨¢®¯®«®¦−®¥ á¯¥©-
á¥à−®¬ã (11 ¨«¨ 00), §�¯à¥é¥−®. ‘®®â¢¥âáâ¢¥−−® ª�¦¤�ï ¨áå®¤−�ï ¯¥à¥¬¥−−�ï
(á¨£−�« ¢ áå¥¬¥) ¯à¥¤áâ�¢«ï¥âáï ¤¢ã¬ï ¯¥à¥¬¥−−ë¬¨, ª®â®àë¥ ¡ã¤¥¬ −�§ë¢�âì
�”‘-¯¥à¥¬¥−−ë¬¨.

”ã−ªæ¨®−�«ì−®¥ ¯à¥®¡à�§®¢�−¨¥ ¤«ï à¥�«¨§�æ¨¨ ¢ ‘‘-á¥ªæ¨¨ §�¤�¥âáï ¬−®-
¦¥áâ¢®¬ ¨áå®¤−ëå (−¥ª®¤¨à®¢�−−ëå) «®£¨ç¥áª¨å äã−ªæ¨©, ª®â®àë¥ ¡ã¤¥¬ −�-
§ë¢�âì ¬®−®äã−ªæ¨ï¬¨, ¨«¨ Œ-äã−ªæ¨ï¬¨. Œ−®¦¥áâ¢® Œ-äã−ªæ¨© −�§®¢¥¬
Œ-á¥ªæ¨¥©.

”ã−ªæ¨¨, ¯®«ãç¥−−ë¥ ¯®á«¥ �”‘-ª®¤¨à®¢�−¨ï, ¡ã¤¥¬ −�§ë¢�âì �”‘-
äã−ªæ¨ï¬¨; �”‘-äã−ªæ¨© ¡ã¤¥â ¢¤¢®¥ ¡®«ìè¥, ç¥¬ Œ-äã−ªæ¨©.

‚ ‘‘-áå¥¬�å ¤«ï ®¡¥á¯¥ç¥−¨ï ®âª�§®¡¥§®¯�á−®áâ¨ −¥®¡å®¤¨¬� ¨−¤¨ª�æ¨ï
á¨£−�«®¢ −� ¢ëå®¤�å áå¥¬ë [1]. �à¨¬¥−¨â¥«ì−® ª ‘‘-á¥ªæ¨ï¬ íâ® §−�ç¨â, çâ®
−� ¥¥ ¢ëå®¤�å ¬®¦−® ¨−¤¨æ¨à®¢�âì ç�áâì ¥¥ ¢å®¤®¢, � ®áâ�¢è�ïáï ç�áâì ¡ã¤¥â
¨−¤¨æ¨à®¢�−� ¢ ¤àã£¨å ¬¥áâ�å á®¤¥à¦�é¥© íâã á¥ªæ¨î ‘‘-áå¥¬ë. �®¤à�§ã¬¥-
¢�¥âáï â�ª¦¥, çâ® ¢ëå®¤ë ‘‘-á¥ªæ¨¨ ¡ã¤ãâ ¨−¤¨æ¨à®¢�âìáï ¢ á®¤¥à¦�é¥© áå¥¬¥.
‚ §�¤�ç¥ á¨−â¥§� ‘‘-á¥ªæ¨¨ ¯®íâ®¬ã §�¤�îâáï −¥ª®â®àë¥ ¢å®¤ë ¤«ï ¨−¤¨ª�æ¨¨
(®â −¨ ®¤−®£® ¤® ¢á¥å).

‚ äã−ªæ¨®−�«ì−®¬ ¯®¤å®¤¥ [6] ¨−¤¨ª�æ¨ï ®§−�ç�¥â, çâ® ¯¥à¥å®¤ á¥ªæ¨¨
¢ ®ç¥à¥¤−ãî (á¯¥©á¥à−ãî ¨«¨ à�¡®çãî) ä�§ã á¢®¥© à�¡®âë ¤®«¦¥− ®áâ�−®¢¨âìáï
¯à¨ ¢®§−¨ª−®¢¥−¨¨ ª®−áâ�−â−®© −¥¨á¯à�¢−®áâ¨ â¨¯� §�«¨¯�−¨ï −� 0 ¨«¨ 1 «î-
¡®£® §�¤�−−®£® ¤«ï ¨−¤¨ª�æ¨¨ ¢å®¤� á¥ªæ¨¨. „«ï ¢ë¯®«−¥−¨ï íâ®£® ãá«®¢¨ï
¢ ‘‘-á¥ªæ¨¨ ªà®¬¥ í«¥¬¥−â®¢, à¥�«¨§ãîé¨å �”‘-äã−ªæ¨¨, ¬®£ãâ ¯®ï¢¨âìáï
¤®¯®«−¨â¥«ì−ë¥ í«¥¬¥−âë | ¨−¤¨ª�â®àë.

�¡®§−�ç¨¬: M | ç¨á«® Œ-äã−ªæ¨©; N | ç¨á«® ¢å®¤®¢ Œ-á¥ªæ¨¨ (ç¨á-
«® à�§«¨ç−ëå �à£ã¬¥−â®¢ Œ-äã−ªæ¨©); K | ª®«¨ç¥áâ¢® ¨−¤¨ª�â®à®¢; xi |
¢å®¤−�ï ¯¥à¥¬¥−−�ï Œ-á¥ªæ¨¨, i = 1, . . . , N , ®−� ¦¥ ¯¥à¢�ï �”‘-¯¥à¥¬¥−−�ï
¯®á«¥ �”‘-ª®¤¨à®¢�−¨ï; yi | ¢â®à�ï �”‘-¯¥à¥¬¥−−�ï ¯®á«¥ ª®¤¨à®¢�−¨ï,
á®¯àï¦¥−−�ï á Xi; Fm(x1, . . . , xN )| Œ-äã−ªæ¨ï, m = 1, . . . ,M ; Um(xi, yi)|
¯¥à¢�ï äã−ªæ¨ï ¢ëå®¤� ‘‘-á¥ªæ¨¨, á®®â¢¥âáâ¢ãîé�ï Fm; Vm(xi, yi) | ¢â®à�ï
äã−ªæ¨ï ¢ëå®¤�, á®¯àï¦¥−−�ï á Um; Ik(xi, yi) | äã−ªæ¨ï ¨−¤¨ª�â®à�, k =
= 1, . . . ,K; s1 ¨ s2 | §−�ç¥−¨ï ¢å®¤−®£® ¨ ¢ëå®¤−®£® á¯¥©á¥à®¢ ¢á¥© ‘‘-á¥ªæ¨¨
á®®â¢¥âáâ¢¥−−®.

�¤−® ¨§ ®á−®¢−ëå âà¥¡®¢�−¨© á®¡«î¤¥−¨ï á�¬®á¨−åà®−−®áâ¨ á®áâ®¨â ¢ â®¬,
çâ® ¢á¥ äã−ªæ¨¨, ¢ë¯®«−ï¥¬ë¥ ¢ ‘‘-á¥ªæ¨¨, ¤®«¦−ë ¡ëâì ¬®−®â®−−ë¬¨ ¯® ‚�à-
è�¢áª®¬ã [1] ¯® ª�¦¤®¬ã �à£ã¬¥−âã. Œ®−®â®−−�ï äã−ªæ¨ï ¯® ‚�àè�¢áª®¬ã |
íâ® «¨¡® ¨§®â®−−�ï, «¨¡® �−â¨â®−−�ï äã−ªæ¨ï. ”ã−ªæ¨ï F ¡ã¤¥â ¨§®â®−−®© ¯®
�à£ã¬¥−âã z, ¥á«¨ Fz=1 ≥ Fz=0, ¨ �−â¨â®−−®©, ¥á«¨ Fz=1 ≤ Fz=0.
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�¤−®ª�áª�¤−ë© í«¥¬¥−â ŠŒ„�-â¥å−®«®£¨¨ ¢á¥£¤� ¢ë¯®«−ï¥â �−â¨â®−−ãî
äã−ªæ¨î ¯® ¢á¥¬ �à£ã¬¥−â�¬, â�ª®© í«¥¬¥−â ¡ã¤¥¬ −�§ë¢�âì �−â¨â®−−ë¬.

�−â¨â®−−ë© í«¥¬¥−â, ª ¢ëå®¤ã ª®â®à®£® ¯®¤ª«îç¥− ¨−¢¥àâ®à, ¡ã¤¥â ¢ë¯®«-
−ïâì ¨§®â®−−ãî äã−ªæ¨î ¯® ¢á¥¬ �à£ã¬¥−â�¬, ¨ ¥£® ¡ã¤¥¬ −�§ë¢�âì ¨§®â®−−ë¬.

ˆ â®â ¨ ¤àã£®© â¨¯ í«¥¬¥−â� ¤®¯ãáâ¨¬ ¤«ï à¥�«¨§�æ¨¨ ‘‘-áå¥¬. …á«¨ §−�-
ç¥−¨ï ¢å®¤−®£® ¨ ¢ëå®¤−®£® á¯¥©á¥à®¢ à�§«¨ç−ë, ‘‘-á¥ªæ¨ï ¡ã¤¥â à¥�«¨§®¢�−�
−� �−â¨â®−−ëå í«¥¬¥−â�å, ¥á«¨ ®¤¨−�ª®¢ë | â® −� ¨§®â®−−ëå.

Šà¨â¥à¨¥¬ ®¯â¨¬�«ì−®áâ¨ ¯à¨ á¨−â¥§¥ ¬®¦¥â á«ã¦¨âì «¨¡® ¡ëáâà®¤¥©áâ¢¨¥,
«¨¡® §�âà�âë ¢ âà�−§¨áâ®à�å.

�ëáâà®¤¥©áâ¢¨¥ �−â¨â®−−®£® í«¥¬¥−â� §�¢¨á¨â ®â ¥£® ¨−¤¥ªá� §�¤¥à¦ª¨ (ˆ‡):
ç¥¬ ®− ¡®«ìè¥, â¥¬ ¬¥−ìè¥ ¡ëáâà®¤¥©áâ¢¨¥.

ˆ−¤¥ªá §�¤¥à¦ª¨ �−â¨â®−−®£® í«¥¬¥−â� ¥áâì ¬�ªá¨¬�«ì−®¥ ç¨á«® ¯®á«¥-
¤®¢�â¥«ì−® á®¥¤¨−¥−−ëå âà�−§¨áâ®à®¢ ¢ æ¥¯¨ ¯¥à¥§�àï¤� ¥£® −�£àã§ª¨. „«ï
¨§®â®−−®£® í«¥¬¥−â� íâ®â ¨−¤¥ªá ¯à¨−¨¬�¥âáï à�¢−ë¬ ˆ‡ �−â¨â®−−®© ç�áâ¨
¯«îá 1.

�ëáâà®¤¥©áâ¢¨¥ ¢á¥© ‘‘-á¥ªæ¨¨ ¡ã¤¥¬ ®æ¥−¨¢�âì ª�ª ¬�ªá¨¬�«ì−ë© ˆ‡ ¥¥
í«¥¬¥−â®¢.

‡�âà�âë ¢ âà�−§¨áâ®à�å áª«�¤ë¢�îâáï ¨§ áã¬¬ë âà�−§¨áâ®à®¢ à¥�«¨§�æ¨¨
‘‘-á¥ªæ¨¨, ¢ª«îç�ï ¨−¤¨ª�â®àë, ¨ §�âà�â −� ¤�«ì−¥©èãî ¨−¤¨ª�æ¨î ¯à¨
−�«¨ç¨¨ ¢ −¥© ¨−¤¨ª�â®à®¢. ‚â®à�ï á®áâ�¢«ïîé�ï §�¢¨á¨â ®â ¯®á«¥¤ãîé¨å áå¥¬
¨−¤¨ª�æ¨¨ ¨ ¢ à¥�«ì−ëå áå¥¬�å úáâ‚®¨âû ¢ áà¥¤−¥¬ −¥ ¬¥−¥¥ 7 âà�−§¨áâ®à®¢ −�
®¤¨− ¨−¤¨ª�â®à [6].

„�«¥¥ ¯à¨−ïâë â�ª¨¥ ®¡®§−�ç¥−¨ï «®£¨ç¥áª¨å ®¯¥à�æ¨©: ú∧û | ®âà¨æ�−¨¥;
ú∨û | ®¯¥à�æ¨ï ˆ‹ˆ; ú⊕û | áã¬¬� ¯® ¬®¤ã«î 2; ®âáãâáâ¢¨¥ á¨¬¢®«� |
®¯¥à�æ¨ï ˆ.

‘«¥¤ãï [1], ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì ¨¬ï í«¥¬¥−â� á ¨¬¥−¥¬ ¥£® ¢ëå®¤−®£®
á¨£−�«�.

3 Постановка задачи

�à®æ¥¤ãà� á¨−â¥§� ¡ã¤¥â �−�«®£¨ç−� ¯à¨ à�§«¨ç−ëå á®ç¥â�−¨ïå ¢å®¤−®£®
¨ ¢ëå®¤−®£® á¯¥©á¥à®¢ s1 ¨ s2. ÷�§−¨æ� ¡ã¤¥â á®áâ®ïâì ¢ ¨§®â®−−®áâ¨ ¨«¨
�−â¨â®−−®áâ¨ ¯®«ãç�¥¬ëå äã−ªæ¨© í«¥¬¥−â®¢. �®íâ®¬ã ¤«ï ®¯à¥¤¥«¥−−®áâ¨
¨ ¯à®áâ®âë ¯à¨¬¥¬ §−�ç¥−¨ï á¯¥©á¥à®¢ s1 = 0 ¨ s2 = 1. ‚ íâ®¬ á«ãç�¥ äã−ªæ¨¨
í«¥¬¥−â®¢ ¤®«¦−ë ¡ëâì �−â¨â®−−ë¬¨.

’�ª¨¬ ®¡à�§®¬, ¨áå®¤−ë¬¨ ¤�−−ë¬¨ ¤«ï á¨−â¥§� ¡ã¤ãâ:

{ Œ-á¥ªæ¨ï;
{ §−�ç¥−¨ï á¯¥©á¥à®¢ s1 = 0 ¨ s2 = 1;
{ ãª�§�−¨¥ ¨−¤¨ª�æ¨¨ ¢å®¤®¢ ‘‘-á¥ªæ¨¨: ª�ª¨¥ ¤®«¦−ë ¨−¤¨æ¨à®¢�âìáï −� ¥¥

¢ëå®¤�å;
{ ªà¨â¥à¨© ®¯â¨¬¨§�æ¨¨: ¡ëáâà®¤¥©áâ¢¨¥ ¨«¨ §�âà�âë ¢ âà�−§¨áâ®à�å.

‚ à¥§ã«ìâ�â¥ á¨−â¥§� ¤®«¦−� ¡ëâì ¯®«ãç¥−� ‘‘-á¥ªæ¨ï, ã¤®¢«¥â¢®àïîé�ï
á«¥¤ãîé¨¬ ãá«®¢¨ï¬:
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{ ‘‘-á¥ªæ¨ï ¤®«¦−� á®¤¥à¦�âì 2M í«¥¬¥−â®¢, à¥�«¨§ãîé¨å �”‘-äã−ªæ¨¨,
¨, ¢®§¬®¦−®, −¥áª®«ìª® ¨−¤¨ª�â®à®¢;

{ ¢á¥ ¢ëå®¤−ë¥ äã−ªæ¨¨ á¥ªæ¨¨ ¤®«¦−ë ¡ëâì �−â¨â®−−ë¬¨;

{ ¤®«¦¥− ¡ëâì ®¯â¨¬¨§¨à®¢�− §�¤�−−ë© ªà¨â¥à¨©.

‚ ª«�áá¨ç¥áª®¬ á®¡ëâ¨©−®¬ ¯®¤å®¤¥ §�¤�ç� á¨−â¥§� ¢ ¯®¤®¡−®© ¯®áâ�−®¢ª¥
−¥ à�áá¬�âà¨¢�«�áì.

4 Метод синтеза

„«ï −�£«ï¤−®áâ¨ ¯à®æ¥¤ãà� à¥è¥−¨ï ¡ã¤¥â á®¯à®¢®¦¤�âìáï ¯à®áâë¬ ¯à¨¬¥-
à®¬ á® á«¥¤ãîé¨¬¨ ¨áå®¤−ë¬¨ ¤�−−ë¬¨.
�à¨¬¥à:

{ Œ-á¥ªæ¨ï ¨§ ¤¢ãå äã−ªæ¨© (M = 2, N = 3):

F1 = x1x2 ; F2 = x2x3;

{ á¯¥©á¥àë: s1 = 0, s2 = 1;

{ −� ¢ëå®¤�å á¥ªæ¨¨ ¤®«¦−ë ¨−¤¨æ¨à®¢�âìáï ¢å®¤ë x1 ¨ y1.

’¥®à¥â¨ç¥áª¨¬ ®¡®á−®¢�−¨¥¬ ¬¥â®¤� ï¢«ï¥âáï ãâ¢¥à¦¤¥−¨¥ 4.4 ¢ [1, á. 92]
® â®¬, çâ® ¤¢ãåä�§−�ï ª®¬¡¨−�æ¨®−−�ï áå¥¬� ï¢«ï¥âáï ‘‘ â®£¤� ¨ â®«ìª® â®£¤�,
ª®£¤� ®−� ¨−¤¨æ¨àã¥¬�.

’�ª¨¬ ®¡à�§®¬, ¢ ¯à®æ¥¤ãà¥ á¨−â¥§� −¥®¡å®¤¨¬® ¨ ¤®áâ�â®ç−® ¢ë¯®«−¨âì
�”‘-ª®¤¨à®¢�−¨¥ ¨ ®¡¥á¯¥ç¨âì ¨−¤¨ª�æ¨î §�¤�−−ëå ¢å®¤®¢.

�¡é¨© ¯®àï¤®ª à¥è¥−¨ï §�¤�ç¨ â�ª®¢.
�� ¯¥à¢®¬ íâ�¯¥ ¨§ Œ-äã−ªæ¨© −¥®¡å®¤¨¬® ¯®«ãç¨âì �”‘-äã−ªæ¨¨. „�−-

−®¥ ¤¥©áâ¢¨¥ ¡ã¤¥¬ −�§ë¢�âì �”‘-¯à¥®¡à�§®¢�−¨¥¬.
„�«¥¥ ¡ã¤ãâ á®áâ�¢«ïâìáï ¨ à¥è�âìáï «®£¨ç¥áª¨¥ ãà�¢−¥−¨ï ¤«ï ¯®«ãç¥−¨ï

®¡é¨å äã−ªæ¨© ¢ëå®¤®¢ á¥ªæ¨¨.
�� ¯®á«¥¤−¥¬ íâ�¯¥ ¤«ï ª�¦¤®£® ¢ëå®¤� á¥ªæ¨¨ ¯®¤¡¨à�îâáï ¯®¤å®¤ïé¨¥

í«¥¬¥−âë ¨§ ¯à¨−ïâ®© ¡¨¡«¨®â¥ª¨ á ãç¥â®¬ §�¤�−−®£® ªà¨â¥à¨ï ®¯â¨¬¨§�æ¨¨.

4.1 Парафазное со спейсером преобразование

‚ á®®â¢¥âáâ¢¨¨ á �”‘-ª®¤¨à®¢�−¨¥¬ [1] ª�¦¤®© Œ-äã−ªæ¨¨ Fm á®®â¢¥â-
áâ¢ãîâ ¤¢¥ �”‘-äã−ªæ¨¨ Pm ¨Gm. „«ï á¯¥©á¥à®¢ s1 = 0 ¨ s2 = 1 íâ¨ äã−ªæ¨¨
¤®«¦−ë ¡ëâì �−â¨â®−−ë¬¨.

��§®¢¥¬ �”‘-§�¬¥−®© §�¬¥−ã ¢ ¢ëà�¦¥−¨ïå „�” (¤¨§êî−ªâ¨¢−ëå −®à-
¬�«ì−ëå ä®à¬) äã−ªæ¨© ¢å®¦¤¥−¨© ¯¥à¥¬¥−−ëå xi −� ∧yi ¨ §�¬¥−ã ¢å®¦¤¥−¨© yi

−� ∧xi á æ¥«ìî ¯®«ãç¥−¨ï �−â¨â®−−®© äã−ªæ¨¨. �â� §�¬¥−� ¯à�¢¨«ì−�, â�ª ª�ª
¯¥à¥¬¥−−ë¥ xi ¨ yi ¢ à�¡®ç¥¬ á®áâ®ï−¨¨ ¢§�¨¬−® ¨−¢¥àá−ë, � ¢ á¯¥©á¥à¥ ®¡¥
à�¢−ë −ã«î.
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”ã−ªæ¨ïPm ¯®«ãç�¥âáï ¯ãâ¥¬ �”‘-§�¬¥−ë ¨§Fm, äã−ªæ¨ïGm ¯®«ãç�¥âáï
¨§ ∧Fm ¯ãâ¥¬ â�ª®© ¦¥ §�¬¥−ë.

‚ ¯à¨¬¥à¥ íâ® ¡ã¤ãâ:

P1 =
∧y1

∧y2 ; G1 =
∧x1 ∨ ∧x2 ; P2 =

∧y2
∧y3 ; G2 =

∧x2 ∨ ∧x3 .

��à�ä�§−�ï á® á¯¥©á¥à®¬ §�¬¥−� ¯®§¢®«ï¥â â�ª¦¥ §�¬¥−ïâì æ¥«¨ª®¬ äã−ªæ¨î
∧Gm −� Pm ¨ äã−ªæ¨î ∧Pm −� Gm.

4.2 Общие уравнения задачи

“à�¢−¥−¨ï §�¤�ç¨ ¢ ®¡é¥¬ á«ãç�¥ §�¢¨áïâ ®â ª®«¨ç¥áâ¢� ¨−¤¨ª�â®à®¢ ¢ á¥ª-
æ¨¨. ˆ−¤¨ª�æ¨ï ¬®¦¥â ¡ëâì ®¡¥á¯¥ç¥−� ç�áâ¨ç−® §� áç¥â ¨−ä®à¬�æ¨®−−ëå
¢ëå®¤®¢ á¥ªæ¨¨ ¨ ç�áâ¨ç−® §� áç¥â ¨−¤¨ª�â®à®¢. �®íâ®¬ã ç¨á«® ¨−¤¨ª�â®à®¢ §�-
à�−¥¥ −¥ ¨§¢¥áâ−® | ®−® ¡ã¤¥â ®¯à¥¤¥«ïâìáï ¢ ¯à®æ¥áá¥ á¨−â¥§�. �à¨ ã¢¥«¨ç¥−¨¨
ç¨á«� ¨−¤¨ª�â®à®¢ ã¯à®é�îâáï äã−ªæ¨¨ í«¥¬¥−â®¢, −® ã¢¥«¨ç¨¢�îâáï §�âà�âë
á¥ªæ¨¨ ¢ âà�−§¨áâ®à�å ¨ ¬®¦¥â á−¨§¨âìáï ¡ëáâà®¤¥©áâ¢¨¥.

��ç¨−�âì á«¥¤ã¥â á ®âáãâáâ¢¨ï ¨−¤¨ª�â®à®¢. …á«¨ −¥ ã¤�¥âáï à¥è¨âì §�¤�çã
á â¥ªãé¨¬ ª®«¨ç¥áâ¢®¬ ¨−¤¨ª�â®à®¢, â® −�¤® ã¢¥«¨ç¨âì ¨å ç¨á«® ¨ ¯®¢â®à¨âì
¯à®æ¥¤ãàã.

�à¥¤¥«ì−®¥ ª®«¨ç¥áâ¢® ¨−¤¨ª�â®à®¢ K = N . ‚ íâ®¬ á«ãç�¥ ¢á¥ ¢å®¤ë
á¥ªæ¨¨ ¨−¤¨æ¨àãîâáï ¯®¯�à−® −� ¨−¤¨ª�â®à�å | ¤¢ãå¢å®¤®¢ëå «®£¨ç¥áª¨å
í«¥¬¥−â�å â¨¯� 2ˆ-�… ¨«¨ 2ˆ‹ˆ-�… −¥§�¢¨á¨¬® ®â ¨−ä®à¬�æ¨®−−ëå ¢ëå®¤®¢.
„�«ì−¥©è¥¥ ã¢¥«¨ç¥−¨¥ K −¥ ¨¬¥¥â á¬ëá«�.

„«ï ¯à¨¬¥à� ¯à¨¬¥¬ ®¤¨− ¨−¤¨ª�â®à: K = 1.
‡�¤�ç� ¡ã¤¥â à¥è�âìáï á ¯®¬®éìî á¨áâ¥¬ «®£¨ç¥áª¨å ãà�¢−¥−¨© [8].
“à�¢−¥−¨ï ¤®«¦−ë ®âà�¦�âì á¯¥æ¨ä¨ªã ‘‘-áå¥¬ ¨ âà¥¡®¢�−¨ï ¯® ¨−¤¨ª�-

æ¨¨.
‚ ¤�«ì−¥©è¥¬ áç¨â�¥âáï, çâ® ª�¦¤®¥ «®£¨ç¥áª®¥ ãà�¢−¥−¨¥ ¨áâ¨−−®, â. ¥.

¨¬¥¥â «®£¨ç¥áª®¥ §−�ç¥−¨¥ 1.
��§®¢¥¬ −�¡®à®¬ á®¢®ªã¯−®áâì ¡ã«¥¢ëå §−�ç¥−¨© ¢å®¤®¢ á¥ªæ¨¨.
‚¢¥¤¥¬ á¯¥æ¨�«ì−ë¥ äã−ªæ¨¨ ¨ ãà�¢−¥−¨ï ¤«ï à¥è¥−¨ï §�¤�ç¨.

1. ‚å®¤ë ‘‘-á¥ªæ¨¨.

”ã−ªæ¨ï ¢å®¤−®£® á¯¥©á¥à�:

S = ∧x1
∧x2 · · · ∧xN

∧y1
∧y2 · · · ∧yN . (1)

‚å®¤−�ï à�¡®ç�ï äã−ªæ¨ï:

W = (x1 ⊕ y1) · · · (xN ⊕ yN ) . (2)

‘®¯àï¦¥−−ë¥ ¢å®¤ë á¥ªæ¨¨ −¥ ¬®£ãâ ®¤−®¢à¥¬¥−−® ¯à¨−¨¬�âì §−�ç¥−¨¥,
¨−¢¥àá−®¥ ¢å®¤−®¬ã á¯¥©á¥àã, çâ® ¤�¥â ãà�¢−¥−¨¥

x1y1 ∨ x2y2 ∨ · · · ∨ xNyN = 0 . (3)
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2. ‚ëå®¤ë ‘‘-á¥ªæ¨¨.

”ã−ªæ¨ï ¢ëå®¤−®£® á¯¥©á¥à�:

H = U1V1U2V2 · · ·UMVMI1 · · · IK . (4)

‚ëå®¤−�ï à�¡®ç�ï äã−ªæ¨ï:

R = (U1 ⊕ V1) · · · (UM ⊕ VM ) (U1 = P1) (V1 = G1) · · ·
· · · (UM = PM ) (VM = GM )

∧I1 . . .
∧IK . (5)

�®á«¥¤−ïï äã−ªæ¨ï ¯®«ãç¥−� ¨§ ãá«®¢¨©, çâ® ¢ à�¡®ç¥© ä�§¥ á®¯àï¦¥−−ë¥
¢ëå®¤ë á¥ªæ¨¨ ¤®«¦−ë ¡ëâì ¢§�¨¬−® ®¡à�â−ë, � â�ª¦¥ ¡ëâì à�¢−ë �”‘-
äã−ªæ¨ï¬. ˆ−¤¨ª�â®àë ¤®«¦−ë ¯à¨−¨¬�âì ®¡à�â−ë¥ ¢ëå®¤−®¬ã á¯¥©á¥àã
§−�ç¥−¨ï.

‘®¯àï¦¥−−ë¥ ¢ëå®¤ë Um ¨ Vm ‘‘-á¥ªæ¨¨ −¥ ¤®«¦−ë ®¤−®¢à¥¬¥−−® ¯à¨-
−¨¬�âì §−�ç¥−¨¥, ¨−¢¥àá−®¥ ¢ëå®¤−®¬ã á¯¥©á¥àã:

∧U1
∧V1 ∨ ∧U2

∧V2 ∨ · · · ∨ ∧UM
∧VM = 0 . (6)

3. ”ã−ªæ¨®−¨à®¢�−¨¥ ‘‘-á¥ªæ¨¨.

÷�¡®â� á¥ªæ¨¨ ®¯¨áë¢�¥âáï ¤¢ã¬ï ãà�¢−¥−¨ï¬¨: ¯à¨ ¯®ï¢«¥−¨¨ á¯¥©á¥à−®£®
−�¡®à� −� ¢å®¤¥ ¤®«¦¥− ¯®ï¢¨âìáï á¯¥©á¥à−ë© −�¡®à −� ¢ëå®¤¥, � ¯à¨
¯®ï¢«¥−¨¨ à�¡®ç¥£® −�¡®à� −� ¢å®¤¥ | à�¡®ç¨© −�¡®à −� ¢ëå®¤¥:

S → H ; W → R , (7)

£¤¥ áâà¥«ª� ®§−�ç�¥â «®£¨ç¥áª®¥ á«¥¤®¢�−¨¥ (¨¬¯«¨ª�æ¨î).

4. “à�¢−¥−¨¥ ¨−¤¨ª�æ¨¨.

„«ï ¨−¤¨ª�æ¨¨ ®¤−®£® ¢å®¤� −¥®¡å®¤¨¬® ®¡¥á¯¥ç¨âì ®áâ�−®¢ªã à�¡®âë ‘‘-
á¥ªæ¨¨ ¯à¨ ¥£® §�«¨¯�−¨¨ ®â¤¥«ì−® −� 0 ¨ 1. �â® âà¥¡ã¥â ¢ë¯®«−¥−¨ï ¤¢ãå
ãá«®¢¨©: ¥á«¨ ¢å®¤ §�«¨¯�¥â −� §−�ç¥−¨¥ á¯¥©á¥à� s1 (¢ ¤�−−®¬ á«ãç�¥ íâ® 0),
â® ¢ëå®¤ë á¥ªæ¨¨ −¥ ¤®«¦−ë ¯®¯�áâì ¢ à�¡®çãî ä�§ã; ¥á«¨ §�«¨¯�¥â −� ∧s1
(§¤¥áì íâ® 1), â® ¢ëå®¤ë á¥ªæ¨¨ −¥ ¤®«¦−ë ¯®¯�áâì ¢ á¯¥©á¥à. “á«®¢¨ï
¢ëà�¦�îâáï ãà�¢−¥−¨¥¬:

(
SZ → ∧R

) (
WZ → ∧H

)
, (8)

£¤¥ SZ ¨ WZ | äã−ªæ¨¨ §�«¨¯�−¨ï á®®â¢¥âáâ¢¥−−® ¢ á¯¥©á¥à¥ ¨ ¢ à�¡®ç¥©
ä�§¥.

”ã−ªæ¨¨ §�«¨¯�−¨ï ¢ëà�¦�îâ á®áâ®ï−¨¥, ª®£¤� −¥¨−¤¨æ¨àã¥¬ë¥ ¢å®¤ë ã¦¥
−�å®¤ïâáï ¢ á®®â¢¥âáâ¢ãîé¥© ä�§¥, � ¨−¤¨æ¨àã¥¬ë¥ | −¥â.

„«ï à�áá¬�âà¨¢�¥¬®£® ¯à¨¬¥à� íâ® ¡ã¤ãâ äã−ªæ¨¨:

SZ = (x1 ∨ y1) ∧x2 ∧x3 ∧y2 ∧y3 ; WZ =
∧x1

∧y1 (x2 ⊕ y2) (x3 ⊕ y3) . (9)
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4.3 Решение уравнений

„«ï à¥è¥−¨ï «®£¨ç¥áª¨å ãà�¢−¥−¨© −¥®¡å®¤¨¬® ¢á¥ ¯¥à¥¬¥−−ë¥, ª®â®àë¥
¢ −¨å ¯à¨áãâáâ¢ãîâ, à�§¤¥«¨âì −� âà¨ ª�â¥£®à¨¨:

(1) −¥¨§¢¥áâ−ë¥ | ¯¥à¥¬¥−−ë¥ (äã−ªæ¨¨), ª®â®àë¥ âà¥¡ã¥âáï ®¯à¥¤¥«¨âì;

(2) �à£ã¬¥−âë | ¯¥à¥¬¥−−ë¥, ®â ª®â®àëå ¡ã¤ãâ §�¢¨á¥âì −¥¨§¢¥áâ−ë¥;

(3) ¨áª«îç�¥¬ë¥ | ¯¥à¥¬¥−−ë¥, ª®â®àë¥ −�¤® ¨áª«îç¨âì ¨§ à¥è¥−¨ï.

÷¥è¥−¨ï «®£¨ç¥áª¨å ãà�¢−¥−¨© ¨¬¥îâ àï¤ ®á®¡¥−−®áâ¥© [8].

1. ‚ëç¨á«ï¥âáï ãá«®¢¨¥ á®¢¬¥áâ−®áâ¨, â. ¥. ãá«®¢¨¥ áãé¥áâ¢®¢�−¨ï à¥è¥−¨ï.
�â® ãá«®¢¨¥ −�ª«�¤ë¢�¥âáï −� �à£ã¬¥−âë. �−® ¬®¦¥â ¡ëâì âà¥å â¨¯®¢:

(�) â®¦¤¥áâ¢® (â¨¯� 0 = 0), ª®â®à®¥ ®§−�ç�¥â, çâ® à¥è¥−¨¥ áãé¥áâ¢ã¥â ¯à¨
«î¡ëå �à£ã¬¥−â�å;

(¡) ¯à®â¨¢®à¥ç¨¥ (â¨¯� 1 = 0), ª®â®à®¥ ®§−�ç�¥â, çâ® à¥è¥−¨ï −¥â −¨ ¯à¨
ª�ª¨å �à£ã¬¥−â�å;

(¢) «®£¨ç¥áª®¥ ãá«®¢¨¥, ®§−�ç�îé¥¥, çâ® à¥è¥−¨¥ áãé¥áâ¢ã¥â â®«ìª® ¯à¨
¢ë¯®«−¥−¨¨ ¤�−−®£® ãá«®¢¨ï.

2. ÷¥è¥−¨ï (äã−ªæ¨¨ −¥¨§¢¥áâ−ëå) ¬®£ãâ §�¢¨á¥âì ®â ¯à®¨§¢®«ì−ëå ¯¥à¥-
¬¥−−ëå. �à®¨§¢®«ì−ë¬ ¯¥à¥¬¥−−ë¬ ¬®¦−® ¯à¨¤�¢�âì «î¡ë¥ §−�ç¥−¨ï:
ª®−áâ�−âë 0 ¨«¨ 1 ¨«¨ «î¡ë¥ äã−ªæ¨¨ ®â �à£ã¬¥−â®¢. ��«¨ç¨¥ ¯à®¨§¢®«ì-
−ëå ¯¥à¥¬¥−−ëå ¯®ª�§ë¢�¥â −¥®¤−®§−�ç−®áâì (¬−®¦¥áâ¢¥−−®áâì) à¥è¥−¨ï.
�à®¨§¢®«ì−ë¥ ¯¥à¥¬¥−−ë¥ ¢®§−¨ª�îâ ¯à¨ ¢ëç¨á«¥−¨¨ ª®−ªà¥â−®© −¥¨§-
¢¥áâ−®©. �®íâ®¬ã ¤«ï ®¯à¥¤¥«¥−−®áâ¨ ®−¨ ¡ã¤ãâ ®¡®§−�ç�âìáï ¢ ¢¨¤¥ $Q,
£¤¥ Q | ¨¬ï −¥¨§¢¥áâ−®©, ª®â®à�ï ú¯®à®¤¨«�û ¯à®¨§¢®«ì−ãî ¯¥à¥¬¥−−ãî.
�¤−�ª® −¨ª�ª®© á¢ï§¨ ¯® §−�ç¥−¨ï¬ ¬¥¦¤ã −¥¨§¢¥áâ−ë¬¨ ¨ ¯à®¨§¢®«ì−ë¬¨
¯¥à¥¬¥−−ë¬¨ −¥â.

3. ‚¨¤ «®£¨ç¥áª¨å äã−ªæ¨© ¤«ï −¥¨§¢¥áâ−ëå §�¢¨á¨â ®â ®ç¥à¥¤−®áâ¨ ¨å ®¯à¥-
¤¥«¥−¨ï. ‚ ç�áâ−®áâ¨, ª�¦¤�ï á«¥¤ãîé�ï ¯® ¯®àï¤ªã à¥è¥−¨ï −¥¨§¢¥áâ−�ï
¬®¦¥â §�¢¨á¥âì ®â ¯à®¨§¢®«ì−ëå ¯¥à¥¬¥−−ëå ¢á¥å ¯à¥¤ë¤ãé¨å −¥¨§¢¥áâ−ëå.

÷�áá¬®âà¨¬ á¨áâ¥¬ã ãà�¢−¥−¨© ®¡é¥£® ¢¨¤� (4){(8), ¢ ª®â®àëå ®âáãâáâ¢ãîâ
¢å®¤−ë¥ ¯¥à¥¬¥−−ë¥. Š®−¥ç−ë¥ à¥è¥−¨ï ¬®¦−® ¯®«ãç�âì ¨§ ®¡é¨å à¥è¥−¨© ¯®
¬¥à¥ −¥®¡å®¤¨¬®áâ¨ ¯®¤áâ�−®¢ª®© ¢ −¨å (1), (2) ¨ (9) á ãç¥â®¬ (3).

�¥¨§¢¥áâ−ë¬¨ ¢ á¨áâ¥¬¥ ¡ã¤ãâ äã−ªæ¨¨ ¢ëå®¤®¢ U1, V1, . . . , UM , VM , � �à-
£ã¬¥−â�¬¨ | S,W,SZ ,WZ , P1, G1, . . . , PM , GM , ¨áª«îç�¥¬ëå −¥â.

‚ëç¨á«¥−¨¥ ãá«®¢¨ï á®¢¬¥áâ−®áâ¨ íâ¨å ãà�¢−¥−¨© ¤�¥â

SW ∨ SSZ ∨WWZ ∨W ((P1 = G1) ∨ · · · ∨ (PM = GM )) = 0 . (10)

�â® ãá«®¢¨¥ ¤®«¦−® ¡ëâì ¯à®¢¥à¥−® ã¯®¬ï−ãâë¬¨ ¢ëè¥ ¯®¤áâ�−®¢ª�¬¨. �®
ä�ªâã â�ª�ï ¯à®¢¥àª� ®§−�ç�¥â ¯à®¢¥àªã ¯à�¢¨«ì−®áâ¨ á®áâ�¢«¥−¨ï äã−ªæ¨© S,
W , SZ , WZ ¨ ¢á¥å �”‘-äã−ªæ¨©.
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‘¨−â¥§ á�¬®á¨−åà®−−ëå ª®¬¡¨−�æ¨®−−ëå á¥ªæ¨© äã−ªæ¨®−�«ì−ë¬ ¬¥â®¤®¬

�à®¨§¢¥¤¥−¨¥ SW ¯à¨ ¯®¤áâ�−®¢ª¥ ¤®«¦−® ®¡à�é�âìáï ¢ 0. �â® ®§−�ç�¥â, çâ®
á¯¥©á¥à−ë¥ ¨ à�¡®ç¨¥ −�¡®àë −¥ ¤®«¦−ë ¯¥à¥á¥ª�âìáï, çâ® ï¢«ï¥âáï −¥®¡å®¤¨-
¬ë¬ ãá«®¢¨¥¬ ¤«ï ‘‘-áå¥¬. „¢� á«¥¤ãîé¨å ¯à®¨§¢¥¤¥−¨ï (10) âà¥¡ãîâ, çâ®¡ë
äã−ªæ¨¨ ä�§ ¨ ¨å §�«¨¯�−¨© −¥ ¯¥à¥á¥ª�«¨áì, çâ® −¥®¡å®¤¨¬® ¤«ï ¨−¤¨ª�æ¨¨.
��ª®−¥æ, ®áâ�¢è�ïáï «¥¢�ï ç�áâì (10) âà¥¡ã¥â, çâ®¡ë ¢ à�¡®ç¥© ä�§¥ �”‘-
äã−ªæ¨¨ Pm ¨ Gm ¡ë«¨ ¢§�¨¬−® ¨−¢¥àá−ë. �â® ãá«®¢¨¥ ¤®«¦−® ¢ë¯®«−ïâìáï
¯® ¯®áâà®¥−¨î �”‘-äã−ªæ¨©.

ˆ§-§� á¯¥æ¨ä¨ª¨ à¥è¥−¨ï «®£¨ç¥áª¨å ãà�¢−¥−¨© ¨áª®¬ë¥ äã−ªæ¨¨ ã¤®¡−®
¯à¥¤áâ�¢«ïâì ¯®á«¥¤®¢�â¥«ì−®, ª®£¤� ª�¦¤�ï á«¥¤ãîé�ï äã−ªæ¨ï §�¢¨á¨â ®â
¯à¥¤ë¤ãé¨å.

��¯à¨¬¥à, à¥è¥−¨¥ ¤«ï ¨áå®¤−ëå ¤�−−ëå ¯à¨¬¥à� ¯®á«¥ ã¯à®é¥−¨© ¯® (10)
¨ �”‘-§�¬¥− ¯à¨¬¥â ¢¨¤:

U1 = S ∨WP1 ∨ ∧W$U1 ;

V1 = S ∨ ∧U1 ∨WG1 ∨ ∧W$V1 ;

U2 = S ∨W (P2 ∨ U1V1 ∨ ∧U1P1 ∨ ∧V1G1) ∨ ∧W$U2 ;

V2 = S ∨ ∧U2 ∨W (G2 ∨ U1V1 ∨ ∧U1P1 ∨ ∧V1G1) ∨ ∧W$V2 ;

I1 = I1 (S,W,SZ ,WZ , P1, G1, P2, G2, U1, V1, U2, V2, $I1) .






(11)

(‚ëà�¦¥−¨¥ ¤«ï ¨−¤¨ª�â®à� −¥ ¯à¨¢®¤¨âáï ¢¢¨¤ã £à®¬®§¤ª®áâ¨.)
�®á«¥ ¯®¤áâ�−®¢ª¨ ¢á¥å §�¢¨á¨¬ëå ¯¥à¥¬¥−−ëå ®¡à�§ãîâáï −¥¬®−®â®−−ë¥

äã−ªæ¨¨ �à£ã¬¥−â®¢. Œ®−®â®−−ë¥ à¥è¥−¨ï (¢ ¤�−−®¬ á«ãç�¥ �−â¨â®−−ë¥) «¥£ª®
¯®«ãç�îâáï ¨§ −¨å ¯ãâ¥¬ �”‘-§�¬¥−.

„�«¥¥ §�¤�ç� á®áâ®¨â ¢ ¯®¤¡®à¥ í«¥¬¥−â®¢, à¥�«¨§ãîé¨å ¬®−®â®−−ë¥ à¥è¥-
−¨ï.

4.4 Получение функций элементов

�«¥¬¥−âë ¤«ï à¥�«¨§�æ¨¨ á¥ªæ¨¨ ¬®¦−® ¯®¤¡¨à�âì ¨§ −¥ª®â®à®£® ¬−®¦¥áâ¢�
¯®«ã§�ª�§−®© ¨«¨ §�ª�§−®© ¡¨¡«¨®â¥ª¨ í«¥¬¥−â®¢.

�®á«¥ ¯®¤áâ�−®¢®ª (1), (2), (9), äã−ªæ¨© Pm ¨ Gm, � â�ª¦¥ ¯®¤áâ�−®¢®ª
¯à¥¤ë¤ãé¨å äã−ªæ¨© ª�¦¤�ï ¨§ −�©¤¥−−ëå äã−ªæ¨© ¯à¥¤áâ�¢«ï¥âáï ¢ ä®à¬¥
−¥¯®«−®áâìî ®¯à¥¤¥«¥−−®© äã−ªæ¨¨ (��”):

D = A ∨B$ , (12)

£¤¥ $| ¯à®¨§¢®«ì−�ï ¯¥à¥¬¥−−�ï.
��§®¢¥¬ ¥¤¨−¨æ�¬¨ äã−ªæ¨¨ −�¡®àë, −� ª®â®àëå äã−ªæ¨ï ¯®«ãç�¥â §−�ç¥-

−¨¥ 1, ¨ −ã«ï¬¨ äã−ªæ¨¨ | −�¡®àë, −� ª®â®àëå ®−� à�¢−� 0.
…¤¨−¨æ�¬¨ äã−ªæ¨¨ (12) ¡ã¤ãâ ª®à−¨ ãà�¢−¥−¨ï A = 1, � −ã«ï¬¨ | ª®à−¨

ãà�¢−¥−¨ï ∧A ∧B = 1.
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„«ï à¥�«¨§�æ¨¨ ��” â¨¯� (12) í«¥¬¥−â®¬, ¨¬¥îé¨¬ äã−ªæ¨î E, −¥®¡å®-
¤¨¬® ¨ ¤®áâ�â®ç−® ¢ë¯®«−¥−¨ï ¤¢ãå ãá«®¢¨©:

(1) ¥¤¨−¨æë äã−ªæ¨¨ D ¤®«¦−ë á®¤¥à¦�âìáï ¢ ¥¤¨−¨æ�å äã−ªæ¨¨ E;

(2) −ã«¨ äã−ªæ¨¨ D ¤®«¦−ë á®¤¥à¦�âìáï ¢ −ã«ïå äã−ªæ¨¨ E.

�â¨ ãá«®¢¨ï §�¤�îâáï ãà�¢−¥−¨ï¬¨:

EA = A ; ∧E ∧A ∧B = ∧A ∧B .

�®á«¥ ¯à¥®¡à�§®¢�−¨© ®¡� ãà�¢−¥−¨ï ¬®¦−® á¢¥áâ¨ ¢ ®¤−®:

A∧E ∨ ∧A ∧BE = 0 . (13)

�â® ãà�¢−¥−¨¥ ï¢«ï¥âáï ®á−®¢−ë¬ ¤«ï ¯®¤¡®à� ¡¨¡«¨®â¥ç−ëå í«¥¬¥−â®¢.
”ã−ªæ¨¨ ¨§ à¥è¥−¨ï (11) ¨ äã−ªæ¨¨ í«¥¬¥−â®¢ E ¨¬¥îâ à�§−ë¥ �à£ã¬¥−âë,

¯®íâ®¬ã ¯¥à¥¤ ¯à®¢¥àª®© ¯® ãá«®¢¨î (13) ¨å −¥®¡å®¤¨¬® ¯à¨¢¥áâ¨ ª ¥¤¨−ë¬
�à£ã¬¥−â�¬: ¡¨¡«¨®â¥ç−ë¬ ¨«¨ �”‘-¯¥à¥¬¥−−ë¬ | ¯ãâ¥¬ ¯¥à¥ª®¤¨à®¢ª¨.

�®áª®«ìªã ¨áª®¬ë¥ äã−ªæ¨¨ §�¢¨áïâ ¤àã£ ®â ¤àã£�, ¯®¤¡®à í«¥¬¥−â®¢ ¤«ï
¢á¥© ‘‘-á¥ªæ¨¨ | §�¤�ç� ¯¥à¥¡®à−�ï. Œ®¦−® ¯à¥¤«®¦¨âì á«¥¤ãîé¨© ¯®è�£®-
¢ë© �«£®à¨â¬.

1. „«ï ¯¥à¢®©/®ç¥à¥¤−®© −�©¤¥−−®© äã−ªæ¨¨ á ¯®¬®éìî ãá«®¢¨ï (13) ¯®-
¤®¡à�âì ¨ §�¯®¬−¨âì àï¤ ¯®¤å®¤ïé¨å í«¥¬¥−â®¢ ¢ ¯®àï¤ª¥ −¥ã¡ë¢�−¨ï
ªà¨â¥à¨ï.

2. ‚§ïâì ¯¥à¢ë©/®ç¥à¥¤−®© í«¥¬¥−â ¨§ ¯à¥¤ë¤ãé¥£® àï¤� ¨ ¯®¤áâ�¢¨âì ¢® ¢á¥
¯®á«¥¤ãîé¨¥ äã−ªæ¨¨ á¥ªæ¨¨.

3. ‚ë¡à�âì àï¤ í«¥¬¥−â®¢ ¤«ï á«¥¤ãîé¥© äã−ªæ¨¨.

4. �®¤®¡−ë¬ ®¡à�§®¬ −�©â¨ ¬−®¦¥áâ¢� í«¥¬¥−â®¢ ¤«ï ¢á¥© á¥ªæ¨¨.

5. �®¤áç¨â�âì ®¡é¨© ªà¨â¥à¨© ¯® ¯¥à¢ë¬ í«¥¬¥−â�¬ ¢ àï¤�å.

6. „�«¥¥ ¬®¦−® ¢¥à−ãâìáï ª «î¡®© ¯à¥¤ë¤ãé¥© äã−ªæ¨¨, ¢ë¡à�âì ¤àã£®©
í«¥¬¥−â ¨ ¯®¢â®à¨âì ¢ëç¨á«¥−¨ï ®â −¥¥ ¤® ª®−æ� á¥ªæ¨¨.

‚® ¬−®£¨å á«ãç�ïå à¥è¥−¨ï ¯®«ãç�îâáï ¡®«¥¥ ¯à®áâ®.
�¡à�â¨¬áï ª ¯à¨¬¥àã.
…á«¨ ¢ (11) ¢ë¡à�âì ¯à®¨§¢®«ì−ãî ¯¥à¥¬¥−−ãî $U1 = P1, â®

U1 = P1 =
∧y1

∧y2 ,

â�ª ª�ª äã−ªæ¨ï S, á®áâ®ïé�ï ¨§ ®¤−®© ¨¬¯«¨ª�−âë á® ¢á¥¬¨ �à£ã¬¥−â�¬¨,
¢á¥£¤� ¯®£«®é�¥âáï.

�®¤áâ�¢«ïï äã−ªæ¨î U1 ¢ ¢ëà�¦¥−¨¥ ¤«ï V1, ¤¥«�ï �”‘-§�¬¥−ë ¨ ¯®«�£�ï
$V1 = G1, ¯®«ãç¨¬:

V1 = G1 =
∧x1 ∨ ∧x2 .
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‘¨−â¥§ á�¬®á¨−åà®−−ëå ª®¬¡¨−�æ¨®−−ëå á¥ªæ¨© äã−ªæ¨®−�«ì−ë¬ ¬¥â®¤®¬

�−�«®£¨ç−® ¬®¦−® −�©â¨ ¯à®áâë¥ à¥è¥−¨ï:

U2 = P2 =
∧y2

∧y3 ; V2 = G2 =
∧x2 ∨ ∧x3 .

�®¤áâ�¢¨¬ −�©¤¥−−ë¥ äã−ªæ¨¨ ¢ à¥è¥−¨¥ ¤«ï ¨−¤¨ª�â®à�:

I1 = A ∨B$I1 .

‚ íâ®¬ ¢ëà�¦¥−¨¨ ®¡®§−�ç¥−®:

A = ∧x1
∧y1

∧x2
(
∧x3 ∨ ∧y3

)
;

B = ∧x1
∧y1 ∨ x2∧x3 ∧y3 ∨ ∧x2

∧y2x3 ∨ ∧x2
∧y2y3 ∨ y2∧x3 ∧y3 ∨ ∧x1

∧x3
∧y3 .

“à�¢−¥−¨¥ ¤«ï ¨−¤¨ª�â®à−®£® í«¥¬¥−â� ¯®«ãç¨âáï:

(
∧x1

∧y1
∧x2

(
∧x3 ∨ ∧y3

))
∧E ∨ (x1x2x3 ∨ x1x2y3 ∨ x1y2y3 ∨ x1y2x3 ∨

∨ y1y2x3 ∨ y1y2y3 ∨ y1x2y3 ∨ y1x2x3 ∨ x1∧x2 ∧y2 ∧x3 ∧y3
)
E = 0 .

�â®¬ã ãà�¢−¥−¨î ã¤®¢«¥â¢®àï¥â, −�¯à¨¬¥à, äã−ªæ¨ï

I1 = E =
∧x1

∧y1 .

’�ª¨¬ ®¡à�§®¬, ®¯à¥¤¥«¥−ë ¢á¥ äã−ªæ¨¨ (í«¥¬¥−âë) ¯à¨¬¥à�.

5 Заключение

�à¥¤«®¦¥− ¬¥â®¤ á¨−â¥§� ª®¬¡¨−�æ¨®−−ëå ‘‘-á¥ªæ¨© | áå¥¬, ®áãé¥áâ¢«ï-
îé¨å ¯�à�««¥«ì−ë¥ äã−ªæ¨®−�«ì−ë¥ ¯à¥®¡à�§®¢�−¨ï. ‚ ®â«¨ç¨¥ ®â áãé¥áâ¢ã-
îé¨å ¬¥â®¤®¢: á®¡ëâ¨©−®£® ¯® ¤¨�£à�¬¬�¬ ¨§¬¥−¥−¨© ¨ à�−¥¥ ¯à¥¤«®¦¥−−®£®
�¢â®à®¬ â�¡«¨ç−®£® ¬¥â®¤� | ¤�−−ë© ¬¥â®¤ ®á−®¢�− −� äã−ªæ¨®−�«ì−®¬ ¯®¤å®-
¤¥. ‚ ¬¥â®¤¥ ¤«ï ®¯¨á�−¨ï ¨ à¥è¥−¨ï §�¤�ç¨ ¨á¯®«ì§ãîâáï â®«ìª® «®£¨ç¥áª¨¥
äã−ªæ¨¨ ¨ «®£¨ç¥áª¨¥ ãà�¢−¥−¨ï.

Œ¥â®¤ ¨áå®¤¨â ¨§ á�¬ëå ®¡é¨å ãà�¢−¥−¨©, ®âà�¦�îé¨å á¢®©áâ¢� ‘‘-áå¥¬.
�à®æ¥¤ãà� à¥è¥−¨ï ¯®§¢®«ï¥â ¡®«¥¥ ä®à¬�«ì−® ¨ ¡®«¥¥ ¯à®áâ® ¯à®¢®¤¨âì á¨−â¥§.

ˆ§«®¦¥−−ë© ¯®¤å®¤ ª á¨−â¥§ã ‘‘-áå¥¬ ¨ ¬¥â®¤ à¥è¥−¨ï ¯à¥¤«�£�îâáï
¢¯¥à¢ë¥.
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SYNTHESIS OF SELF-TIMED COMBINATIONAL SECTIONS
USING THE FUNCTIONAL METHOD
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Russian Federation

Abstract: Designing of self-timed electronic circuits having unique properties
requires special methods. Combinational circuits can consist of several sections
representing a variety of elements performing parallel functional transformations.
The known event method of self-timed circuit synthesis has theoretical signifi-
cance only and is unsuitable for real design. The author proposes a new method,
which describes functional sections not by events (switchs of elements) but by
logical functions and equations. The method consists in generating and solving
logical equations. The method solves the problem in the most general form and
allows choosing elements for circuit implementation from semicustom or custom
libraries.
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